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Abstract
Let 1a <b be integers and G a graph of order n sufﬁciently large for a and b. Then G has an [a, b]-factor if the minimum degree
is at least a and every pair of vertices distance two apart has cardinality of the neighborhood union at least an/(a + b). This lower
bound is sharp. As a consequence, we have a Fan-type condition for a graph to have an [a, b]-factor.
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1. Introduction
We consider ﬁnite undirected graphs without loops and multiple edges. Let G be a graph with vertex set V (G) and
edge set E(G). For x ∈ V (G), we denote by degG(x) the degree of x in G and by NG(x) the set of vertices adjacent
to x in G. The minimum degree and the maximum degree of G are denoted by (G) and (G), respectively. For a
subset S ⊂ V (G), let NG(S) denote the union of NG(x) for every x ∈ S and G[S] is the subgraph of G induced by S.
We write G − S for G[V (G)\S]. For two disjoint vertex subsets A and B of G, the number of edges joining A to B is
denoted by eG(A,B). We deﬁne the distance d(x, y) between two vertices x and y as the minimum of the lengths of
the x–y paths of G.
Let a and b be two integers such that 1ab. Then a spanning subgraph F of G is called an [a, b]-factor if
adegF (x)b for all x ∈ V (G). If a = b = k, then a [k, k]-factor is a k-factor, which is a regular factor.
Let us ﬁrst introduce a well-known result which provides a sufﬁcient condition for the existence of a Hamiltonian
cycle in graphs.
Theorem 1 (Fan [1]). Let G be a 2-connected graph of order n3. If for any two vertices x and y of G such that
d(x, y) = 2,
max{degG(x), degG(y)}
n
2
,
then G has a Hamiltonian cycle.
Theorem 1 has been generalized in several directions. Niessen extended this theorem to that of regular factors, since
a Hamiltonian cycle can be regarded as a 2-factor.
E-mail address: hmatsuda@ktmail.ktokai-u.ac.jp.
0012-365X/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2006.01.018
H. Matsuda /Discrete Mathematics 306 (2006) 688–693 689
Theorem 2 (Niessen [5]). Let k1 be an integer and G a graph of order n8k2 + 12k + 6. Suppose that
(G)k and
max{degG(x), degG(y)}
n
2
for any vertices x and y of V (G) with d(x, y) = 2. Then G has a k-factor.
2. Main results
Motivated by Theorems 1 and 2, we prove the following two theorems.
Theorem 3. Let 1a <b be integers and G a graph of order n2(a − 1)(a + 1)(a + b)(a + b − 1)/a(b − 1) −
(a + b)(ab + b − 1)/ab(b − 1). Suppose that (G)a and
|NG(x) ∪ NG(y)| an
a + b (1)
for any two nonadjacent vertices x and y of V (G) such that NG(x) ∩ NG(y) = ∅. Then G has an [a, b]-factor.
Theorem 4. Let 1a <b be integers and G a graph of order n(a − 1)(a + 1)(a + b)(a + b − 1)/a(b − 1) −
(a + b)(ab + b − 1)/ab(b − 1). Suppose that (G)a and
max{degG(x), degG(y)}
an
a + b (2)
for any vertices x and y of V (G) with d(x, y) = 2. Then G has an [a, b]-factor.
The lower bounds on the conditions (1) and (2) are best possible in the sense that we cannot replace an/(a + b) by
an/(a + b) − 1, which is shown in the following example:
Let G be a complete bipartite graph with partite sets A and B such that |A| = at and |B| = bt + 1, where t is any
positive integer. Then it follows that n = |A| + |B| = (a + b)t + 1 and
an
a + b > |NG(x) ∪ NG(y)| (or max{degG(x), degG(y)}) = at >
an
a + b − 1
for any two vertices x and y in B with d(x, y) = 2. However, G has no [a, b]-factor since b|A|<a|B| holds.
Our results are stronger than the following if the order is sufﬁciently large.
Theorem 5 (Matsuda [4]). Let a and b be integers such that 1a <b and let G be a graph of order n2(a + b)(a +
b − 1)/b. If (G)a and
|NG(x) ∪ NG(y)| an
a + b
for any two nonadjacent vertices x and y of G, then G has an [a, b]-factor.
Theorem 6 (Li and Cai [2]). Let a and b be integers such that 1a <b. Suppose that G is a graph of order
n2a + b + (a2 − a)/b. If (G)a and
max{degG(x), degG(y)}
an
a + b
for any two nonadjacent vertices x and y of G, then G has an [a, b]-factor.
3. Proof of Theorem 3
Our proof depends on the following theorem, which is a special case of Lovász’s (g, f )-factor theorem.
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Theorem 7 (Lovász [3]). Let G be a graph and let a and b be integers such that 1a <b. Then G has an [a, b]-factor
if and only if
(S, T ) := b|S| +
∑
x∈T
(degG−S(x) − a)0
for all disjoint subsets S and T of V (G).
Proof of Theorem 3. In order to prove the theorem by reduction to absurdity, we assume that G has no [a, b]-factor.
Then, by Theorem 7, there exist disjoint subsets S and T of V (G) satisfying
(S, T ) = b|S| +
∑
x∈T
(degG−S(x) − a) − 1. (3)
We choose such subsets S and T so that |T | is as small as possible.
Claim 1. |T |b + 1.
Proof. If |T |b, then by (3) and |S| + degG−S(x)degG(x)(G)a, we obtain
−1(S, T ) = b|S| +
∑
x∈T
(degG−S(x) − a)
∑
x∈T
(|S| + degG−S(x) − a)0,
which is a contradiction. 
Claim 2. degG−S(x)a − 1 for all x ∈ T .
Proof. If degG−S(x)a for some x ∈ T , then the subsets S and T \{x} satisfy (3). This contradicts the choice of S
and T. 
Claim 3. |S|1.
Proof. By Claim 2, it follows that
|S| + a − 1 |S| + degG−S(x)degG(x)(G)a
for all x ∈ T , implying |S|1. 
Claim 4. |S|< an
a + b .
Proof. By (3) and n |S| + |T |, we obtain
−1(S, T ) = b|S| +
∑
x∈T
(degG−S(x) − a)
b|S| − a|T |b|S| − a(n − |S|) = (a + b)|S| − an,
which implies |S|<an/(a + b). 
Claim 5. a|T |b|S| + 1.
Proof. By (3), we have −1b|S| +∑x∈T (degG−S(x) − a)b|S| − a|T |. 
Claim 6. |S|< an
a + b − 2(a − 1).
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Proof. Suppose that |S|an/(a + b)− 2(a − 1), that is, an− (a + b)|S|2(a − 1)(a + b). By (3) and |T |n− |S|,
we obtain∑
x∈T
degG−S(x)a|T | − b|S| − 1a(n − |S|) − b|S| − 1
= an − (a + b)|S| − 12(a − 1)(a + b) − 1.
Consequently, it follows from n2(a − 1)(a + 1)(a + b)(a + b − 1)/a(b − 1)− (a + b)(ab + b − 1)/ab(b − 1) that∑
x∈T degG−S(x)
a|T | 
2(a − 1)(a + b) − 1
a|T | 
2(a − 1)(a + b) − 1
b|S| + 1
 2(a − 1)(a + b) − 1
abn/(a + b) − 2(a − 1)b + 1
1
a
(
1 − 1
b
)
.
By the inequalities above and Claim 1, we have
∑
x∈T
degG−S(x)
(
1 − 1
b
)
|T |< |T | − 1. (4)
Let T0 := {x ∈ T | degG−S(x) = 0}. Note that |T0|2 holds by (4). For each two vertices x, y ∈ T0, we have
|NG(x)∪NG(y)| |S|<an/(a + b) by Claim 4. Since T0 is an independent set of G and G satisﬁes the hypothesis of
Theorem 3, the neighborhoods of the vertices in T0 are disjoint. Hence we have
|S|
∣∣∣∣∣∣
⋃
x∈T0
NG(x)
∣∣∣∣∣∣ (G)|T0|a|T0|. (5)
On the other hand,(
1 − 1
b
)
|T |
∑
x∈T
degG−S(x) |T | − |T0|,
implying |T0| |T |/b. This inequality together with (5) implies |S|a|T0|a|T |/b. This contradicts Claim 5. There-
fore Claim 6 holds. 
Claim 7. eG(S, T )a|S|.
Proof. Since |T |b+1 byClaim 1 and degG−S(x)a−1 for all x ∈ T byClaim 2, there exist at least two independent
vertices x, y ∈ T . Moreover, by Claims 2 and 6, |NG(x) ∪ NG(y)| |S| + degG−S(x) + degG−S(y)< an/(a + b) for
any two vertices x, y ∈ T . By the above inequalities and the assumption of this theorem, G[NG(s) ∩ T ] is complete
for any s ∈ S. Note that S = ∅ by Claim 3. Thus it follows from Claim 2 that eG(s, T )(G[T ]) + 1a. Hence
eG(S, T )a|S| holds. 
By (3), Claim 7, and (G)a, we obtain
−1(S, T ) = b|S| +
∑
x∈T
(degG(x) − a) − eG(S, T )
b|S| +
∑
x∈T
(degG(x) − a) − a|S|(b − a)|S| +
∑
x∈T
((G) − a)0.
This is a contradiction. Finally, Theorem 3 is proved. 
4. Proof of Theorem 4
The proof of Theorem 4 is quite similar to that of Theorem 3.
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Suppose that G has no [a, b]-factor. Then, by Theorem 7, there exist disjoint subsets S and T of V (G) satisfying
(S, T ) = b|S| +
∑
x∈T
(degG−S(x) − a) − 1.
We choose such subsets S and T so that |T | is as small as possible.
Under the assumption of Theorem 4, Claims 1–5 in the proof of Theorem 3 hold and the following claim is shown.
Claim 6′. |S|< an
a + b − (a − 1).
Proof. Suppose that |S|an/(a + b) − (a − 1), that is, an − (a + b)|S|(a − 1)(a + b). By (3) and |T |n − |S|,
we obtain∑
x∈T
degG−S(x)a|T | − b|S| − 1a(n − |S|) − b|S| − 1
= an − (a + b)|S| − 1(a − 1)(a + b) − 1.
Consequently, it follows from n(a − 1)(a + 1)(a + b)(a + b − 1)/a(b − 1) − (a + b)(ab + b − 1)/ab(b − 1) that∑
x∈T degG−S(x)
a|T | 
(a − 1)(a + b) − 1
a|T | 
(a − 1)(a + b) − 1
b|S| + 1
 (a − 1)(a + b) − 1
abn/(a + b) − (a − 1)b + 1
1
a
(
1 − 1
b
)
.
By the inequalities above and Claim 1, we have
∑
x∈T
degG−S(x)
(
1 − 1
b
)
|T |< |T | − 1. (6)
Let T0 := {x ∈ T | degG−S(x) = 0}. Note that |T0|2 holds by (6). For each x ∈ T0, degG(x) |S|<an/(a + b)
by Claim 4. Since T0 is an independent set of G and G satisﬁes the hypothesis of Theorem 4, the neighborhoods of the
vertices in T0 are disjoint. Hence we have
|S|
∣∣∣∣∣∣
⋃
x∈T0
NG(x)
∣∣∣∣∣∣ (G)|T0|a|T0|. (7)
On the other hand, (1− 1/b)|T |∑x∈T degG−S(x) |T | − |T0|, implying |T0| |T |/b. This inequality together with
(7) implies |S|a|T0|a|T |/b. This contradicts Claim 5. Therefore Claim 6′ holds. 
Using Claim 6′ and the argument of Claim 7 in the proof of Theorem 3, we obtain eG(S, T )a|S|. By this inequality,
(3), and (G)a, we have
−1(S, T ) = b|S| +
∑
x∈T
(degG(x) − a) − eG(S, T )
b|S| +
∑
x∈T
(degG(x) − a) − a|S|(b − a)|S| +
∑
x∈T
((G) − a)0.
This is a contradiction. Finally, Theorem 4 is proved. 
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